The relation connecting the symmetric elliptic integral R F with the Jacobian elliptic functions is symmetric in the first three of the four letters c, d, n, and s that are used in ordered pairs to name the 12 functions. A symbol ∆(p, q) = ps 2 (u, k) − qs 2 (u, k), p, q ∈ {c, d, n}, is independent of u and allows formulas for differentiation, bisection, duplication, and addition to remain valid when c, d, and n are permuted. The five transformations of first order, which change the argument and modulus of the functions, take a unified form in which they correspond to the five nontrivial permutations of c, d, and n. There are 18 transformations of second order (including Landen's and Gauss's transformations) comprising three sets of six. The sets are related by permutations of the original functions cs, ds, and ns, and there are only three sets because each set is symmetric in two of these. The six second-order transformations in each set are related by first-order transformations of the transformed functions, and all 18 take a unified form. All results are derived from properties of R F without invoking Weierstrass functions or theta functions. Published by Elsevier Inc.
Introduction
Jacobi's elliptic functions sn(u, k), cn(u, k), and dn(u, k), each having a pole at u = iK (k), were first used by Glaisher (see [6, p. 177] ) to form the other nine Jacobian functions by taking three reciprocals and six ratios. The fact that formulas are sometimes simpler when relating to cs(u, k), ds(u, k), and ns(u, k), each with a pole at 0, was observed by Glaisher (see [6, p. 180] ) and emphasized by Neville, who called them "the primitive functions" [6, pp. 61 , 178] and used them extensively but noted that the simplicity was quite limited. He stated [6, p. 178 ] (see also [6, p. x] ) that the set of 12 Jacobian functions "is wholly lacking in symmetry. A formula may be typical in its algebraic structure of a group of three or more formulae, but the constants in one formula can seldom be obtained from those in another by mere transliteration. " We shall define a symbol that allows "seldom" to be removed from the preceding sentence (and "but" to be changed to "and"), the transliterations being permutations of {c, d, n} and the formulas being those for differentiation, bisection, duplication, and addition. These formulas will be derived from properties of the symmetric elliptic integral of the first kind, R F (x, y, z), whose symmetry in x, y, and z becomes symmetry in c, d, and n. The formulas will be obtained first for the primitive functions and subsequently for the other nine functions by taking reciprocals and ratios. We shall use the symmetry of R F to derive the five modulus-changing transformations of first order [5, p. 369] , [6, pp. 210-214 ] in a unified form from the five nontrivial permutations of c, d, and n. From the quadratic transformation of R F a unified form will be derived for 18 transformations of second order, comprising Landen's transformation, Gauss's transformation, a complex transformation, and the combinations of each with the five transformations of first order.
It is important that the squares of the three primitive functions differ by quantities independent of u:
where we suppress the variables (u, k) for brevity. Some examples of notation are ns 2 = ns 2 (u, k), ns = 1/sn, and cs = cn/sn = (cn)(ns). The Jacobian version of Legendre's first elliptic integral is
Substituting 1/w 2 = t + ns 2 , we find
In terms of the symmetric elliptic integral of the first kind [3, §9.2], 5) which is symmetric and homogeneous of degree −1/2 in x, y, z, we see that 
whence, by (1.1),
For each of the four properties listed earlier we shall find that one formula (which can sometimes be written in various ways) suffices for the three Jacobian functions whose symbols end in s, one formula (following immediately from the preceding one) for the three reciprocals that begin with s, and one for the six ratios that do not involve s. That is to say, one for the three functions with a pole at u = 0, one for the three that vanish at u = 0, and one for the six with value 1 at u = 0. We shall show transformations of first and second orders only for cs, ds, and ns, but reciprocals and ratios are easy to obtain by inspection. All formulas will be derived from properties of the integral R F without recourse to Weierstrass functions or theta functions.
Derivatives Proposition 1. If a prime indicates differentiation with respect to u, except for k , then
Proof. It follows from [3, (9.2-1) and (5.9-2)] that
Differentiating (1.8) with respect to u and noting that all three variables of R F have the same derivative because of (1.1), we find
whence (ps) = −(qs)(rs).
This implies 
Proof of Lemma 1. Using (1.5) to write (3.4) as
and substituting t + g = 1/w 2 , we find
. This integral ([5, pp. 322, 323] with sin t = w) is known to have a unique inverse, the upper limit of integration being a single-valued function of u, analytic on the complex plane except for simple poles. Comparison with (1.2) gives 1/ √ g = sn(u, k), whence g = ns 2 (u, k). The proof of (3.5) is completed by (1.1). 2
Proof of Proposition 2. The duplication formula [3, (9 
Putting (x, y, z) = (cs, ds, ns) and using (1.6), we have
cs)(ds) + (cs)(ns) + (ds)(ns) = (ps)(qs) + (ps)(rs) + (qs)(rs).
This is (3.1); (3.2) then follows from sp 2 = 1/ps 2 and (1.9), and (3.3) follows from pq 2 = ps 2 /qs 2 . 2
Example. From (3.3) we find 
Proof of Corollary 1. In each equation substitute (3.1). 2
Equations (3.8) and (3.9) will be used in the last paragraph of the paper.
Duplication
Replacement of u by 2u in (3.10) gives the following corollary.
Corollary 2. 
Proposition 3. A full inverse of Proposition 2 is
Proof. To invert (3.6) we note that x 2 + λ = (x + y)(x + z) and
If we put (x 2 + λ, y 2 + λ, z 2 + λ) = (ps 2 , qs 2 , rs 2 ), the right side of (3.6) becomes 2u. For a second proof of (4.2) substitute in (4.5) ps 4 = ps 2 qs 2 + ∆(p, q)ps 2 , qs 4 = qs 2 ps 2 + ∆(q, p)qs 2 , and the definitions of ∆(p, r) and ∆(q, r). Then multiply numerator and denominator by sp 2 sq 2 .
Addition
Let ps i = ps(u i , k), i = 1, 2, 3, with similar notation for the other functions. 
. (5.4)
Proposition 3 is the special case u 1 = u 2 with an easier proof and a rearrangement. where the third equation follows from substituting the first, and all three hold if p, q, and r are permuted. The equivalence of the middle and last members of (5.1) and simplify to get the denominator of the middle member of (5.1) times the numerator of the last member. Since sp = 1/ps, we take the reciprocal of each fraction in (5.1) and multiply both numerator and denominator by sp 2 1 sp 2 2 to obtain (5.2). Since pq = ps/qs, we divide the middle term of (5.1) by the same term with p and q interchanged. The first equality in (5.3) then follows from the second equation in (5.11).
Proof. The addition theorem for R F is
For the last member of (5.3), we interchange p and q in the last member of (5.1) and multiply its reciprocal by the middle member of (5.1). The product of the numerators is The sign of ∆(r, p) is immaterial because the functions on the left side are odd functions of v and because Jacobian elliptic functions depend on the squared modulus.
Proof. Define g = rs 2 (u, k)/∆(r, p). By homogeneity (1.8) becomes
where we have used (1.9). Lemma 1 then proves (6.1). 2
Comment.
If (p, q, r) = (c, d, n), then v = u, κ = k, and the two sides of (6.1) are identical.
The most useful cases are the three transpositions: and i induces the reciprocal-modulus transformation. Thus (7.5) includes three sets of six second-order transformations, those in each set being related by first-order transformations.
Examples.
1. If p = c and {h, i, j } = {2, 1, 3}, then    cs ds ns If we apply (3.1), (3.8) , and (3.9) to the ζ 's and subsequently replace u/2 by u, we recover (7.5).
